For positive integers n and k, with n>-2k, let (k = uv, where each prime factor of u is less than k, and each prime factor of v is at least equal to k. It is shown that u < v holds with just 12 exceptions, which are determined . If (k = UV, where each prime factor of U is at most equal to k, and each prime factor of V is greater than k, then U< V holds with at most finitely many exceptions, 19 of which are determined . It is conjectured that there are no others .
. Introduction
In this paper our basic concern is with the product of the small prime factors in runs of consecutive integers . Let us fix a positive integer k and examine runs of consecutive integers having no prime factor greater than k . Such runs cannot be very long (see Ecklund and Eggleton (1972 . Indeed, a theorem of Stormer (1897 shows there are only finitely many pairs of consecutive integers with no prime factor greater than k . Moreover, it was proved independently by Sylvester (1892 and Schur (1929 that any run of k consecutive integers, each larger than k, contains at least one multiple of a prime greater than k . This may be expressed as follows :
THEOREM (Sylvester-Schur . For positive integers n and k, with n > 2k, the binomial coefficient (k has a prime factor greater than k .
An elementary proof of the theorem in this form was given by Erdős (1934 and a proof of a stronger theorem, also essentially due to Erdős, appears in Ecklund and Eggleton (1972 . By a theorem of Mahler (1961 , for any given real a > 0 and positive integer k, the largest divisor of (nk consisting eritülely of primes not exceeding k is less than nl+E, provided n is sufficiently large . Note also that the largest power of 2 dividing n 2 cannot exceed 2n . Thus with Mahler's Theorem we deduce the following result, which contains more quantitative information than the Sylvester-Schur Theorem, though it lacks an effective bound on k .
THEOREM . For positive integers n and k, let (k = UV, where the prime factors of U do not exceed k and the prime factors of V are all greater than k . Then U< V provided n is sufficiently large compared with k .
Of course U and V depend on n and k in this theorem, but it is convenient not to make this explicit in the notation .
When discussing the prime factors of runs of k consecutive integers, it is in fact natural to distinguish between primes which could possibly divide two or more members of the run, and those which are larger so can divide at most one member of the run : in other words, to distinguish primes strictly less than k from those at least as large as k . In this paper our main theme is the proof of the following fact .
THEOREM . For positive integers n and k, with n >, 2k, let (k = uv, where the prime ,factors of u are all less than k and the prime factors of v are all at least as large as k. 
Region I : k and c both large
A basic estimate, given in Erdős (1934 and Erdős and Graham (1976 , shows that if p" is a divisor of (n , then pa 5 n . Hence Thus, if we anticipate the bound on k for Region I and take k > 649 and n = ck, it follows that (3 log u < 1 .23165k log ck/log k .
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To get a suitable bound on the binomial coefficient (k , we use Stirling's formula, (4 n! _ ~(27rn (é n es/ 12n for n, 1, where 8 is a real number depending on n, and satisfying 0 < 5 < 1 . With k, 649 and c, 11 .53, it follows from (4 that (5 k log (k > c log c-(c-1 log (c-1 -0 .00641 .
The desired inequality is u < v, which is equivalent to
By (3 and (5 , this certainly holds if A routine calculation with k, 649 verifies that (7 holds for c, 11 .53, so it follows that u < v (and indeed U< V holds in the region determined by these bounds on k and c . (Of course, we arrived at these particular bounds on k and c for Region I by successive approximation, with an eye to the bounds forced on us by our methods for dealing with Regions 11 and 111 . If we reduced the bound on c in Region I, it would be at the expense of increasing the bound on k .
4. Region H : k large, c small (k With = uv, the definition of v ensures that it is divisible by every prime between (c-1 k and ck, for any c, 2 . Indeed, for any positive integer r < c, we see that v must be divisible by each prime which is between (c-1 k/r and ck/r and which is at least as large as k. Let Pr denote the product of the set of primes p satisfying (c -1 k/r < p < ck/r and p,>-k, for any positive integer r<-c. of B(x /x for the primes up to 32057, and uses (11 to cover the region beyond this point .
Recall that the desired inequality is u < v, which is equivalent to (12 (k < v2 .
From (4 we have (13 klog(k <clogc-(c-1 log(c-1 fort>l .
Now, using (8 and (13 , if m < c < m + 1 for some integer m >, 2, the inequality (12 is certainly satisfied if (14 2(log(m+1 -mlogm+ (3m I 1 <', a(r m+1 m+1r r r '
<' m where = 1 .000081 comes from (9 , and a(r is the value of a in (10 which holds for x > mk/r. By successive approximation using Table 1 , we obtain a lower bound on the value of k for which (12 certainly holds when m < c < m+ 1 . This information, for 2 < m S 11, is given in Table 2 . The left boundary of Region 11 is determined by this data (see Diagram 1 . Thus (12 is established over a range of c which reaches (and overlaps the range covered by Region 1 . The method clearly establishes U< V at the same time. We consider the set of these multiples of maximum powers of small primes, (17 S(n, k _ {ap : p < k}, where the cardinality of S(n, k is at most 7r(k-1 , and may be less since it is possible that ap = aq occurs for distinct primes p, q . For any prime p < k, we define the intrinsic exponent K(p, n, k of p in the product n(n-1 . . . (n-k+ 1 to be the maximum exponent K for which pK is a factor of n(n-1 . . . (n-k+ 1 /ap . Note that if n-ap >i>n-k-ap and i 0, then plllap +i implies pw ll i, since no i can contain p to a higher power than A(p . Thus K(p, n, k is equal to the maximum exponent for which pK divides the product If k > 27r(k-1 , the left members of (21 and (21 ' are of lower degree in n than the right members : this actually holds for all k except k = 4, 6 and 8 . So for each k, apart from these three exceptions, we can determine the smallest value of n = ck such that the corresponding one of (21 and (21' holds . To deal with cases not covered in Regions I and II, we computed this smallest n for k < 649, and for simplicity determined the following linear bound from our data, so (21 and (21' hold if (22 n = ck > 6 .07k + 1940 for 25 < k < 649 .
This determines the boundary of Region III . For k < 25, the corresponding lower bounds are given in Table 3 . Apart from the three cases in which the method does not apply, it is evident that (22 is actually a justified bound except when k = 7, 9, 14, 18, 19, 20, 21 and 24 . Values of k and n l (k such that inequalities (21 and (21' are satisfied if n->n,(k As indicated in the Introduction, we are also interested in determining all instances of (nk with n > 2k for which U> V. When k is composite, these are just the instances for which u > v . When k is prime, (20' is replaced by (20" U< n(n-1 . . . (n-7r /k for k prime, where 7r = 7r(k-1 as before . We can ensure that U< V by requiring
The linear bound (22' n = ck > 4 .68k + 2630 for 25 < k < 649 corresponds to the bound (22 , and ensures that (21 " holds . The left member of (21 " is of lower degree in n than the right member for every prime k > 7 . So apart from k = 3, 5 and 7 (where our methods do not yield an explicit bound , the lower bounds on n for validity of (21 " for odd prime k < 23 are given in Table 4 . (k   2  3  10  207  18  2137  3  9  11  356  19  2639  4  -12  1847  20  8865  5  128  13  1860  21  2618  6  14  21121  22  1180  7  5055  15  1823  23  1620  8  -16  557  24  3236  9  4504  17  835  25  1615 E. F. Ecklund, Jr., R. B . Eggleton, P . Erdős and J . L . Selfridge [10] Values of k and n 2 (k such that inequality (21" is satisfied if n >_ n 2 (k 6 . Region IV : k and c both small
To investigate the Region IV, where k > 1 is subject to the upper bounds in Table 2 , and c > 2 is subject to the upper bound (22 , a simple computer-assisted search was carried out . In practice, for c we used the bound (22' , so that instances for which U> V holds were also determined . All the instances listed in the Introduction were found this way . (Indeed, the near miss (5314 is the only other instance in the region with V/U< 1 .1 .
7. Region V : k 5 24, c large
Here we sharpen the techniques applied to Region III . The intrinsic part P(n, k of the product n(n-1 . . . (n-k+ 1 was defined in (18 . We now also define the extrinsic part Q(n, k of this product, by Moreover, the direct search reported in the previous section was carried out up to n = 2667 for k = 8, according to (22' . Thus it remains to locate all those runs of k = 8 consecutive integers, with largest member n >, 2668, which contain three numbers having no prime factor greater than 7, and a fourth with at most one prime factor (counting multiplicity greater than 7, but none greater than 23 . Either the first three contain a pair of the form a, a + d with d = 1, 2 or 4, or else the first three are of the form a, a+3, a+6, in which case the fourth is necessarily adjacent to one of them . All occurrences of such configurations can be deduced from the tables in Lehmer (1964 , by first locating all possible pairs described . Each potential configuration is easily tested and rejected, so no further instances of u > v with k = 8 exist .
The other cases to be checked for u > v are k = 7, 9, 14, 20 and 24, and those to be checked for U> V are k = 11, 13, 17, 19 and 23 . Tables 3 and 4 give the upper bound on n for each case, while (22' gives the lower bound . Again we illustrate the method by brief discussion of one case : we choose k = 14 for this purpose .
Let A(n,14 denote the product, running over each prime p < 14, of the largest prime-powers p" < n . Combining this with (18 and (19 , we observe that u < A(n, 14 P(n, 14 /14! < A(n, 14 /14 . Table 3 gives the upper bound n < 21120, and A(21120,14 = 214 39 5 67 5 11 4 133 . Correspondingly we have v > (n -6 (n -7 . . . (n -13 /13! so u < v holds provided n > 13669 . Iterating the calculation with this new bound, A(13668,14 = 2 133 8 5 5 74 11 3 133 shows that u < v holds provided n >, 5198 . A further iteration leads only to n > 4157, and A(5197,14 = A(4156,14 . However, we can get down to the lower bound n ,2695 coming from (22 by noting that P(n, 14 -0 (mod 13 holds only if n=_ 0 (mod 13 . Thus, for n < 4156 we have either the bound u < A(4156,14 /13 .14, which is sharper than (27 by a factor of 13, or else one of n and n-13 is a multiple of 2197, the largest available power of 13 . In this example, observe that there is in fact no multiple of 2197 between the current search bounds . The sharper bound on u ensures that u < v holds throughout the current search range, so the checking is complete . (We also made a separate check using more intricate combinatorial arguments, in conjunction with Lehmer's tables, for all the relevant cases in Region V.
. Remarks and unsolved problems
Here we shall use notation which makes explicit the dependence of U and V on n and k, where as usual we have n > 2k .
The most obvious outstanding problem is to obtain an effective upper bound on n for which U(n, k > V(n, k when k = 3, 5 or 7 . More generally, note that Mahler's Theorem that U(n, k < n 1 +e is not effective . It would be very interesting to obtain an effective result of the same kind, even if the result in question were much weaker . For example, it would be useful to have U(n, k < nki2 for k > k o, with an explicit ko .
An inequality of the form U(n, k < n 2 ek, which may hold for n < ek, would be useful . Perhaps such an inequality even holds if n 2 is replaced by n .
It would be of interest to strengthen Mahler's Theorem . For fixed k, perhaps there are positive constants c, and C 2 such that we have U(n, k < cl n(log n C2, for all sufficiently large n .
Consider, for fixed k, the sequence of integers n(k, r with r = l, 2, . . ., defined by taking n(k, 1 = 2k and thereafter n(k, r + 1 = min {n > n(k, r : U(n, k > U(n(k, r , k } .
It would be interesting to study the properties of this sequence, which is analogous to Ramanujan's sequence of highly composite numbers . Also of interest would be the properties of the strictly increasing sequence N(k, r with r = 1, 2, . . ., where N(k, r is the rth positive integer for which there is some constant c(k, r > 1 such that U(n, k lnc ( k ,r achieves its maximum at n = N(k, r . This sequence is analogous to Ramanujan's sequence of superior highly composite numbers .
In closing, we mention that other results closely related to the present paper are given in Erdős and Graham (1976 . 
